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» Homotopy theory: Study spaces and continuous maps up to
homotopy, that is up to continuous deformations.

» Main goal: Study continuous maps up to homotopy between
spheres S" — S™.

» Main object of study: 7,5™ = [S",S™], (pointed) homotopy
classes of maps between the spheres.
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P First semester: unstable homotopy theory. homotopy groups,
CW-complexes, fibrations, long exact sequences,
Eilenberg-MacLane spaces, Serre spectral sequence,
computations and applications, ..., Freudenthal suspension
theorem.

» Second semester: stable homotopy theory. Freudenthal says
Tk S" stabilises when n is very large. We will study this
stable value denoted by 7S, called the k-th stable homotopy
group of spheres. These are far away from being computed.
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» First semester: Lecture notes by O. Randall-Williams (has
been used in Cambridge)

» Second semester: Lecture notes by S. Schwede, handwritten
notes by I. Patchkoria (have been used in Copenhagen and
Bonn, available upon request and the course website)

» Further literature is given in the course description.
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» Point-set topology
» Group theory

» Basic algebraic topology: fundamental group, covering spaces,
singular homology and cohomology (cup product)

P> Basic commutative, linear algebra, homological algebra
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What are we studying?

» We already know that 7S = 7,S" = [S",S"] 2 Z. This is
done using the singular homology and mapping degree: given
f: S" — S", deg(f) € Z provides a well-defined
isomorphism.

» Cellular approximation: 7,5™ = for n < m.

» Famous mistake: Some people thought in 30’s that
m,S™ =[5",5™] =0 if n # m. Wrong!

» Hopf: 1352 =2 Z generated by the Hopf map n: §3 — S2.

» Stably 71S = 7453 = 155 2 7655 =2 ... =2 7/2. Generated
by higher and higher suspensions of 7.



The Hopf map S — §2
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The rational calculation

» Serre’s PhD thesis: m,S™ is a finitely generated abelian group.

> 7r5m®(@—{@ n=2m-—1, m even
N =

0 otherwise

» S = 7, S" is finite for k > 1 and n>> 0 (k+2 < n).

> Eg mSZ/2.
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Fancy tools to compute

» So how can we compute higher 7,S = 7,,,S" for and any k
and n >> 07

» Use homological algebra: The Adams spectral sequence which
is a procedure like a chess board:

Eth\i (Fp,Fp) = mp_sSh,

where A, is the dual Steenrod algebra.
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Visualisation of the Adams spectral sequence for

computing mxS

H P .
1 2 3 4 5 6 7

7.,/2 7.)2 7./24 0 0 7.)2 7./240
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» First semester: Rachael Boyd (Glasgow), Livio Ferretti
(Glasgow), Mark Grant (Aberdeen), Irakli Patchkoria
(Aberdeen), Mark Powell (Glasgow)

» Second Semester: Ran Levi (Aberdeen), Irakli Patchkoria
(Aberdeen), Mark Powell (Glasgow), ...
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Assesments

» Five written homework assignments, due in at the end of
weeks 2, 4, 6, 8, and 10. (short, 2-3 questions).

» One 10-20 minute talk (depending on numbers) on a topic in
homotopy theory, during the last lecture.

» Best 5 out of 6 to count, 20% each.

» Each lecturer will set and grade one homework.
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